Psanwr Jlopana

BoJtee ob1M THUITOM CTEIIEHHBIX PsAJIOB ABJIAIOTCA PsJIbl, COJEpKAIie KaK ITOJIOXKUTE/IbHBIE,
TaK U OTPUIlATE/IbHbIE CTENEHN 2 — 2. Kak u psajinl Teitsopa, OHM UTPAaIOT BaXKHYIO POJIb B TEOPUHU
AHAJIMTUIECKUX (DYHKITHIA.

Onpenenenune 23. Psia Buia

o)

Z Cn(Z - Z())n? Cp, S (Cv

n=—oo

HasbiBaeTcsa padom Jlopana®.

Ob6sactb cxoaumocTu psifa JlopaHa, 0UeBHUIHO, OIPEIEIIeTCs 00IACTIMA CXOMUMOCTH PSJIOB

(o) [o.¢]
g Cn(z—20)" m g (18)
n=0 n=1 Z ZO
(o)
ITo cBoiicTBAM CTENEHHBIX PAIOB, P, E cn(z — 29)" cxomuTes B Kpyre ¢ MEHTPOM B TOUYKE
n=0
Zp KOHEYHOIo Wi GecKoHewIHOro pajuyca R: |z — 2| < R, u ero cymma fi(z E cn(z = 2)"

ABJIACETCA aHaHHTquCKOﬁ B 93TOM KpYTe€.

—n _
Psit E —7 3aMeHOl mepeMeHHoN ¢ = (2 — 29)”! NPUBOAMTCA K CTENEHHOMY psijLy
z _

n=1 ZO)L

Z c_nt", KOTOPBIT cxouTest B HEKOTOpoM Kpyre |t| < Ry. Torma ps Z )7
— 20
n=1

KpyTa ¢ TIEHTPOM B TOUKe 2 pajmyca p = R, ' |z — 29| > p, u ero cyMMa fg( ) — aHATTUTUYIEeCKAs
B 3T0il obJiacTu.

Eciu R < p, 1o paapt (18) He umMeroT obmux TOYEK CXOJAUMOCTH U Psifl JIopaHa pacxoguTces.

Eciaun R = p, o psn Jlopana MOXKeT CXOJUTbCS TOJBKO B TOYKAX OKPYKHOCTH |z — zo| = R
DTOT cirydail HaM He OyjeT MHTepPeCceH, MOCKOIbKY MbI IIPEUMYIIEeCTBEHHO n3ydaeM (DYHKINN B
00J1aCTSX.

Eciu p < R, 10 06J1acTbio cxopumocTH psjia JIopana sijsiercst KpyroBoe KOJIbIo p < |z—zg| <

CXOJUTCsA BHE

R.

Nrak, MbI ycTaHOBUIH:
e obaacmuio cxodumocmu psada Jlopana asaiemca kpyzosoe Koavyo p < |z —z9| < R, p < R.

o cymma pada Jlopana aeasemces anasumuveckot GYHKUUET 6 IMOM KOADUE:

o0

f(z) = Z cn(2—20)" = f1(2)+fa(2 ch 2—2) —I—Z TIRPATE p < |z—z0| < R.

n=—oo

CripaBeyiuBo 1 00paTHOE YTBEPK/ICHHE.

20 JTopan, Ivep Anndonc (Laurent, Pierre Alphonse), 1813-1854, dbpamiy3ckuit MaTeMaTHK.

46



Teopema 18 (Teopema Jlopana). Qyukyus, anasumuueckas 8 koavue p < |z — 29| < R,
00HO3HAYHO Npedcmasuma 8 Hém padom Jlopana.

HoxkazareabctBo. 1). [Ipedcmasaerue. Bosemém py u Ry: p < p1 < Ry < R u paccmorpum
dbyukmuio f(z) B 3aMKHyTOM KOJIBIE p1 < |2 — 29| < Ry. [lo unrerpansuoit Teopeme Korn

BT QR (PSR U O (SPARE S ¥ (CP

211 Jeop uo;, ¢(—z 210 Jop, (—=z 2mi Jo, C—2

Jyist J1I000i TOUKHM 2 U3 KoJblia p; < |2 — 29| < Ry.2
Uurerpan no Cg,, Kak U B JoKa3arejbcTBe TeopeMbl Teiiopa (cm. Teopemy 17), MOXKHO
LPEJICTABUTL B BUJE CYMMbI CTEIIEHHOI'O PAJA

L f(¢) ¢ = ch(z — )", e ¢, = L % dcg, (20)
n=0

21 Jop, ¢ — 2 2mi Jop,, (€ — 20)

CXOJISIIIErocsi B Kpyre |z — 2| < Rj.
Pacemorpum unterpas o C, . g sToro npeobpasyem (pyHKIIIO

1 1 1 -1
(—2 (—20+2-—2 2z-—2 I

_P1
z—20

Hnsa ¢ € C,, BbIIOIHEHO |§:_§8‘ = =q < 1, Torma

o0

_ (€ —20)"
Z (Z _ Zo)n-i-l’

n=

IpUIEM 3TOT peJi cxonutes papaoMepHo Ha C), . IloncTaBnm 3T0 pasiozkenne Mo 3HaK HHTErpaja
U [IPOUHTErPUPYEM P/l TOUJIEHHO:

1 f(¢ (==
2mi 74@1 ﬁ "~ 2mi 7{@1 nzz: f€ — zp)"H! d =

n ! I N I
_ZQ’L (¢ — 20) dg'm_z(z—zo)”“’

n=0 n=0
riae

o= b RO — ) de.

271'& JCp,

C,ZLBI/II‘aE{ CYETYNK Ha, €/IMHuny, 1oJiydaeM HY2KHO€ HaM IIpE€JACTaBJ/IeHUE NHTEI'PaJia B BUJ/IE PAIa:

. _ 1 i)
%]i C - Z 2 (z — z)™ Con = 211 ]ipl (¢ — zp)nH1 dg, (21)

06JIaCTh €ro CXOAUMOCTH: |z — 2o| > p1.
[TogcraBuM mostydenuble paszsioxkenust B (19) u mosyuamMm mpezcrasiaenue Gyukimun f(z) B
BUJIEe psja Jlopana:

o0 o0

ZCnZ—Zon+Z Z—ZO ch(Z—Z0>n>

n=—0oo

21B dopmymne (19) Cr, u C,, — OKpyzKHOCTH ¢ OOIIUM LEHTPOM 2( PajuycoB Ri U p; COOTBETCTBEHHO.
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CXOJIAIIET0CsT B MPOM3BOJIBHON TOUKe z obiactu p; < |z — zg| < Ry. Ilockosbky p; u Ry Gbuin

B34ThI IIPOU3BOJILHO, 9TO PA3JIOKEHNE BEPHO Jist 000 TouKM 2z u3 obsactu p < |z — 29| < R.

Koadbdummentsr ¢, 3T0ro pasimoKeHus BBIUUCSIOTCS 1O MTOXOXKHUM, HO BCE-TAaKW pPa3HBIM,

dopmynam npu n > 0 u n < 0. ng yauduxkanun obosHadeHuii j1epopMupyeM, IM0JIb3ysiCh

AHAJIMTUIHOCTBIO HOABIHTErpasibhblit pyHkuun?, kourypsl Cr, u C,, B dopmynax (20) u (21) k

OJIHOMY KOHTYDY 7, JIesKallleMy B KOJIblle pp < |2 — 29| < Ry U cofepxKaiiemy TOUYKY 2o BHYTPH:
1 f(Q) 1 f(Q)

w=—p I _ge— — ¢ TS g e,
"= 3wt By, €=y N T 2w L G 0 €N

_ 1 F(©) _ b F(©)
=, T g e

OxoHvaTe/IbHO JIst JTI000T0 2: p < |z — 2| < R, nosygaem:

[e.9]

n 1 f(¢
f(z) = ch(z_sz)» rae Cn:% ’y#dc, n € 2.

2). Eduncmeennocms.  Tlpeamonoxkum, cymecTByoT JiBa pasJioxenust GyHkimu f(z) B psi
Jlopana:

n=—oo

f(Z):ZCn(Z—ZO Zd (2 = 20)", p<|z—2|<R.
n=—0oo n=-—oo
Homuoxkum dbyuknuio f(z) Ha (2 — zo)_m_1 U IPOUHTErpPUpPYEM IIPOU3BEACHUE 110 OKPYZKHOCTUA

|2 — 20| = Ry, p < Ry < R. llonb3ysick Tem, 910

2 2
n—m-— n—m—1_i(n—m— . 7 - PN—m i(n—m 07 n 7& m,
f'R(Z_ZO) 1 4z = /0 RO 16 | 1)(pZR06 ’ d5& B ZRO /0‘ ¢ | ’ dsp B { 27Ti, n=m,

HoJIyyaeM
f(2)(z—2) "™ de =2mi- ¢y, = 2mi - dyy, mEZ,
Cry
9TO JIOKA3BIBAET €JIMHCTBEHHOCTD PA3JIOZKEHMUSI. O

Ocobble TOYKN aHAJUTHICCKIX (PYHKITUIT

[Iycrs dbyurmus f(z) — aHaauTUYeCKasi B HEKOTOPOW IPOKOJIOTONH OKPECTHOCTH TOUKH Z(:
0 < |z — 2| < R, u B camoil TouKe zy €é aHAIUTUIHOCTH Hapymaercs?. Takue TouKu Gyjem
HA3BIBATD U30AUPOSAHHHLMU 0COObLMU moukamu DyHKIH f(2).

CornacHo Teopeme Jlopana, B aTom ciydae dyHukims f(z) packiaapiBaercst B psn Jlopana
ma muoxecrse 0 < |z — 2| < R:

ch(z—zo chz—zo +Z G z)

n=-—00 n=0 n=1

[lepByto cymMMy — PsiJ] [10 HEOTPHUIIATEIbHBIM CTEIEHSIM 2 — 2o — HA3bIBAIOT NPAGUALHOT 4aACTbIO
pada Jlopara, a BTOPYIO CYMMY, COJEPZKAIIYIO0 TOJHKO OTPUIATEIbLHBIE CTEIEHH — 2406H0U -
cmwiro pada Jlopana.

Ocobble TOYKH IPHUHSATO XapaKTEepPU30BaTh II0 IPEJe/IbHBIM CBOWCTBAM (DYHKIMH WA 110
cTpyKType psiaa Jlopana. DTu MoaXobl paBHOCUILHBL. Mbl n36epéM BTOPOIi c11ocob.

223 UMeHHO, HHTerpaIbHOM Teopemoit Ko

23910 ozHauaer, uTo f(z) He ABJAETCH AHATUTUYECKOI B JT1060H OKPECTHOCTH TOUKHU Zg.
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Onpenenenue 24. VzommpoBaHHast ocobasi TOUKa 2y HA3BIBAETCS

o ycmparumoti 0coboti moukol, ecu TJIaBHAs YacTb pdjia JlopaHa He COJIepKUT HUA OJHOTO
cjaaraemoro, T.e. ¢c_, = 0 npu n € N:

f(z) = ch(z — 20)";

e noarocom k-20 nopadka, ecu TyIaBHas 9acTh psajga JlopaHa coaepKuT KOHETHOE TUC/IO Clla-
raeMbIX, npuaéMm c_p # 0 u c_, = 0 mpu n > k:

f(z) = ch(z —2)" + Z (zi;zo)";

IIOJIIOC IIEPBOI'O IIOPsAdKa Ha3bIBaIOT TaK>Ke NpocmbimM TOANOCOM,

® cyuiecmsenno 0coboli moywkotl, ecau TJIaBHas 4acTh paja Jlopana copep:Kut OeCKOHETHOe
YHCJIO CJIAraeMbIX.

[IpuBesiém mpocThle U yI00HBIE XapaKTEPUCTUKH OCOOBIX TOUEK Ha A3BIKE IIPEeJIesIbHOTO Iepe-
XOJ1a.
1. XapakTepucTuka yCTpaHUMO# 0CO60# TOYKH.

W3 onpenienennst ycTpaHUMOIT 0COOOI TOUKH € OYEBUIHOCTHIO CIIEJTyeT

YrBepxkaeune 1. Fcau zy — yempanuman ocobas mouka gynxuuu f(z), mo dgynxyus f(z)
umeem 6 amoti mouke xoneunwili npedea, a UMEHHO

3 lim f(z) = co,

z—20 ’
2de ¢y — xoappuyuenm u3 passoscerusn dynryuu 6 pad Jlopana.

B wacruoctu, dyukius f(z) orpanniena B HEKOTOPOii ITPOKOJIOTON OKPECTHOCTH YCTPAHUMOI
ocoboit Touku. Beprno u obparHoe.

YrBepxkaenne 2. Fcau pynruus f(2) — anarumuseckas 6 Hekomopot npokosomots 0kpecm-
HOCTU MOYKY 2y U 02PAHUYEHA HG ITMOM MHONHCECTBE, MO Zy — YCMPAGHUMAA 0CODAA MOUKQ

By f(2).
HoxkazarenbcTBo. [lycrs f(z) — amammrideckas B Kosbie 0 < |z—2z| < R. Torna, cormacuo

TeopeMe Jlopana, ona pazjioxkuma B pgji Jlopana B 9ToM KoJiblie, & KOI(MMUITMEHTHI MOTYT OBIThH
BBIYUCJIEHBI 110 (POPMYJIAM:

LI G (Y
" omi f, (ot MER

rae C, — OKPY’KHOCTB C TIEHTPOM B ToUKe 2y paguyca p € (0; R). U3 orpannaennocrn (hyHKIm
oIy 9aeM

C

L[ £ A 1 (M M
< — _ B e de < — —pdp = —, cZ.
|Cn| ~ 27_‘_/(; |C . Z0|n+1 p|Z€ | 2SS 27T 0 pnp 2 pn n

Orciona, ecim n < 0, T0 |¢,| — 0 mpu p — 0, caemoBaresnbho, ¢, = 0 mpu n < 0 u 2y —
ycTpaHuMas ocobast TOYKa. U
B wurore i anamurndeckoit B 0 < |2 — 2| < R dyukmun f(z) momrydaem:
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e 2y — ycmparnumas ocobas mowka pynrkyuu f(z) < f(2) oepanuvena 6 0 < |z—2p| < R;

e 2y — yempanumas ocobas mouwka gynkuyuu f(z) & cywecmsyem xomeunwiii npeden
lim,,,, f(2).

Bameuanue. Ecim zy — yerpanumas ocobast Touka Gysximn f(z), TO €€ MOXKHO JI00Ipe-
JICJIATH B 9TOIl TOYKe 110 HEIIPEPBIBHOCTHU:

f(z0) = lim f(2) =

Z—20

Torna eé pasyioxkenue B psj1 Jlopana OyJieT BBIIIOJTHEHO B IIEJION OKPECTHOCTU TOYKU Zg:
(o)
— n
= E cn(z — 20)", |z — 20| < R,
n=0

a 3HAYWT, [0 CBOMCTBAM CTENEHHBIX DsJIOB, (oompejesiénnast) dbyHknus f(z) sBjsgercs aHa-
JIMTUYECKON B Kpyre |z — zo| < R. D710 obbscHseT Ha3BaHue ocoboil TOUKU — «yCTPaHUMAs»:
HapyIleHne aHAJIATUIHOCTH B 9TOI TOYKE MOXKHO YCTPAHWUTDH IIPOCTHIM JI0OIpeeIeHneM (DyHK-
[IUH.

cosz — 1

IIpumep 9. Oyukiua f(z) = — anasmruueckag B C\{0}, umeer exuncTBEeHHYIO

2
z
(koHEUHY0) 0CO0YI0 TOUKY 2o = 0.

1-1 cnocob: psin JlopaHa B OKPECTHOCTH TOYKH Zg. 110JIb3ysICh pas3jioKeHHeM KOCHHYCa B

OKPECTHOCTHU HYJIA, IIOJIyda€M:

n+l

Lo S G - "
:EZ QZZW Z n—i—l)ZQ’ 0 < |z < oo

n=1 n=1 n:O

DTOT PsAJT COAEPKUT TOJHKO MPABUIHHYIO YaCTb, CJIEI0BATE/ILHO, 2y — yCTPaHUMAast 0cobasd TOUKA.

N3HauaabHO MBI BBIHYZKJIEHBI BBIKAJIBIBATE B 9TOM pas3jiokeHun Touky z = 0 (ycsoBue
|z| > 0), moCcKOJIbKY MHOXKHUTEJIb ziQ He orpeJiesieH B Hysle. Ho okoHuaTe IbHOE pa3/iozKeHue yKe
OIIPEJIEJIEHO B HYJIE, TIO9TOMY, KaK YK€ TOBOPUJIOCH, MOYKHO CUUTATDL 3TY (DYHKIUIO ONPEIeIEH-
HOI B HyJle U aHaJuTU4IecKoi. TOUKYy 2 = 00 BBIKAJBIBAEM 10 YCJOBUIO CXOJIUMOCTH Psijia JIJIs
KOCHHYycCA.

2-1 cnocob: cymecTByeT Ipeest

cosz— 1 1

m-——=—=
20 22 2’

cjaea0BaTe/IbHO, 2o = 0- yYCTpaHnnMad ocobasi TOUKa.

2. XapakTepucTuka IOJoCa.

Teopema 19. ITycmo gynryus f(2) — anasumuueckas 6 npokosomMOt OKPECTIHOCTU MOYKY
2. Touka zg asasemea noaocom dynryuu f(2) moezda u moavko moeda, koedalim,_,,, f(z) = co.

HokazareabcTBO. Heobxodumocmo. Ilycts 2y — mostoc k-ro mopsijika, T.e.

Ck Ck+1
flz) = (z—ZO)k+(Z—zo)k‘l+m+z—zo+zcnZ_ZO> ’ O0<lz=al < £
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rie c_p # 0. Torma dyukms
0(2) = f(2)(z—2)f = cp+ ez —20) + ... F ez — 2) T F ooz — 2)F + .
apamuTnaeckas B 0 < |z — 29| < R u lim,_,,, ¢(2) = c_x # 0. Ilo cBoiicTBam npeena

©(2)

(z — 2z)F

Jlocmamounocmo. Ilycrs lim,_,,, f(2) = oo, Te.

f(z) =

— 00 1IpU Z — 2.

VE>0 36§>0 Vz: 0<|z—2z|<d = |f(2)|>FE.

_L

Host 2 0 < |z — 2| < 0 BBeAEm dynkmuo g(z) = 7; - Ona anajuruieckas B 910l o6iactu u

f

OorpaHUYIeHa:
1
< JE—
9(2)] < 7.

CJIEJIOBATENIBHO, 2y — yeTpaHuMag ocobast Touka dbyHkimn g(z), T.e.
o0
:ch(z—zo)", 0<|z—2] <6, (22)

npudaéMm c¢g = 0, mockoabKy lim, ., g(z) = 0. [Iycrs ¢ — nepssiil HeryeBoi kKoadduueHT B
paszioxkenun (22), T.e

g(z) = cp(z — zo)k + 1z — zo)k+1 + ..o+ Crn(z — ZO)’H—n b= (2— Zo)kgo(z),
rie PyHKIINs
90(3) :Ck+0k+1(z—zo)+...+ck+n(z—zo)"+___

AHAJITHIECKast B Kpyre |z — 29| < § 1 ¢(29) = ¢ # 0. Torma

1y
1) = e ~ G o

rae P(z) = ﬁ — aHaJINTHIeCKasd B Kpyre |z — zo| < 0 u 9(29) # 0. Paznoxkum eé B psiy Teitiopa
U HOJIy9uM

- o c & =
k—1 /
f(z) = Z(‘ z—z)" = O+ ! +... —l—Z(‘ ez — 20)"
(z— z)* - (z—20)F (2 — 20)k1 Tz Nt v ’
upuiéM ¢y = 1 (29) # 0, caegoBaTeIbHO 2( — MOJIOC k-r0 TopsIka dbyHKImn f(z). O

Ounpenenenne 25. Ilycrs dbyukuus f(z) — anajurudeckas B Kpyre |z — zo| < R. Touka 2
HA3BIBAETCS HYAEM k-20 nopadka dyaxiuu f(z), ecin GyHKIUS IpeJICTABAMA B BHJIE

f(2) = (2 = 20)"g(2), |2 — 20| < R,
rae g(z) — anasmmrudeckas B |2 — 20| < R u g(zg) # 0.
I3 j1oKazaTe/ibecTBa NpeIblLyieil TeopeMbl MOKHO U3BJIeUb CJIC/LYIONUe CBA3U:

e 2y — noaoc k-20 nopadka gynkyuu f(2) < zy — nyav k-20 nopadka gyrkyuu f(z)
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o 2y — noatoc k-20 nopadka pynkyuu f(z) < f(z) = %, ede Y(z) — anasrumuueckan

6 okpecmuocmu mowky zy u ¥ (29) # 0;

e 2y — noatoc k-20 nopadka pynxuyuu f(z) < f(z) ~ ﬁ npu z — 2.

sin z
53
HEYHY0) 0COoOYI0 TOUKY zg = 0; oxapakTepusyem eé.
1-1i cnocob: pan Jlopana B okpecTHOCTH HyJisd. Bocmosib3yemcs: pa3jiozKeHueM CUHYCA B CTe-
[IEHHOM PsIJ B OKPECTHOCTHU HYJIsI:

f(z) = L i —(2(71_1)71 it Ly i Ly 22" 0< 2] < oo

ITpumep 10. Oyuknug f(z) = — anaymrudeckast B C\{0}, umeer enuncrsenmyio (Ko-

3 | 2 |
z ! z 2n + 3)!
= 2n+ 1) = (2n+3)
['naBnag yactb psijia Jlopana coCTOUT U3 OJTHOIO CJIAraeMoro CTENeHUu n = —2, CJIeJI0BATEIbHO,
z = 0 — mo/mroc 2-ro mopsIKa.
2-1 cnocob: '
. sinz
lim = 00,
z—0 2z

caeIoBaTeIbHO, zg = 0 — mosroc. Onpene MM ero mopsiioK:

sin z 1
2

~J

npu z — 0,
3

CJIeJIOBATEIBHO, 2y — IOJIIOC 2-I'0 TOPSIKA.

3. XapakTepucTuka CymMEeCTBEHHO 0CO60# TOYKH.

Teopema 20 (teopema Coxonkoro®t). ITyemwn 2y — cywecmeenno ocobas mouxa dyrxuuu
f(z). Toeda

VAeCVe>0Vo>0 Fz1: 0< |21 — 20| < A |f(z1) — Al <e.
HokazareabcTBo. Ilpemnonoxkum odpaTHoe: MIyCTh

dJAeC3e>036>0 Vz: 0<|z—2|<d = |f(z) —A| >e.

Pacemorpum dyukimio g(z) = J((Z)%A; OHa aHAJTUTHYECKast B KOJIbIle 0 < |z —zy| < O u orpanude-

Ha, CJIeJJOBaTEJIbHO Zy — eé ycTpanuMagd ocobad TOYKA. CJIe,Z[OBaTeJIBHO, €€ MOIKIIO IIpeacTaBUTh
B BHUJIE
_ k
g(Z) - (Z - ZO) 90(2)7 k € N07

rje ¢(z) — aHaJMTHIeCKas B Kpyre |2 — zo| < 0 u ¢(z) # 0. Torma

1 ()
fe)=At— B
G = At ) =z
rie Y(z) = Sa(lz) — aHAJIMTHYECKasl B Kpyre |z — zo| < 0. CuesroBaresibHO,
C C
flz)=—2— + L (At ) Fa(z— ) F

(z—20)F (22— 2)*!

Ecau B sT0oM npescraBiennn k = 0, T0 zy — ycrpaHuMast ocobas Touka dyHKImu f(z), ecan
k > 0, To 2y — noJtoc k-T0 1opsJiKa; 00a 3T yTBEPXKJIECHUs ITPOTUBOPEYIAT YCJIOBHIO. U

24 Coxouxkwuit, FOyman Bacuibesma (1842-1929) — pycekuii MaTeMaTHK.
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Bameganue 3. MoxkHO mpuBecTu Jpyryio (paBHOCHIBbHYIO) bopMymupoBKy Teopembl Co-
xorKoro: Feau zg — cywecmsenno ocobas mouka dynruuu f(2), mo das 4106020 KomniekcHozo
wucaa A cyuecmeyem nocaedosamesbHoCmy Movek z, — zg makaa, wmo lim f(z,) = A.

n—oo

Taxkum obpazom,

e 2y — cywecmsenno ocobas mouwka dynkyuu f(z) < me cywecmsyem lim f(z).
Z—r20

1
IIpumep 11. Oynkuus f(z) = z - sin — — anaymrndeckass B C\{0}, umeer enuHCTBEHHYIO
z

(koHEUHY0) 0CO0YI0 TOUKY 2o = 0; Olpe/ie/iuM €€ THIL.
1-4 cnoco6: Beiuiiem psij Jlopana B okpectHOCTH HyJid. [ 9TOrO BOCIO/IB3YEeMCsT Pa3JIo-
JKeHHeM CHUHYCa B CTEIICHHOM P/l

1 . G <_1>n 2n+1 - (_1)n
Sln;:Sll’lt:th :Z(2n+1)!22n+1, |t| <0 & |z| > 0.
n=0 n=0

Torma

n

R < S G O LR« S G
O =22 G~ L g 0SBl

n=0

[nasnast gacthb paia JlopaHa comepkuT GECKOHETHOE YUC/IO CJIAAeMbIX, CJIe/[0BaTeIbHO, 2 = ()
— CYIIECTBEHHO 0cO0asd TOYKA.
2-1 cnocob: HaiinéM li_r>1(1) f(2). st mocie1oBaTe/IbHOCTH 2, = —-
z

sinmn

lim f(z,) = lim = 0.
n—oo n—oo TN
Jlist 110CJ1e/10BaATEeILHOCTI 2), = ﬁ
1sin(—imk sh(mk
lim f(zx) = lim isin(—irk) = lim sh(rk) = 00.
k—o0 k—o0 7k k—oo Tk

CienoBaTesibHO, TIpejiena B HyJle He cyliecTByeT u 2z = () — CyIIecTBEeHHO 0cobasi TOUKA.

Brraer anaanTudeckoil (pyHKINKE B M30JIMPOBAHHOI 0Cc000iT TOUKE

[Tycrb 29 — m3osmposanHast ocobas Touka Gyuknnn f(z). Torma f(z) omHO3HAYHO pasioKuMa
B pax Jlopana B HekoTOpOM KoJblle 0 < |2 — 29| < R:

o)

f(z) = Z cn(z — 20)", Cp = i % dc.

Ounpenesienne 26. Buuemom dyakimn f(z) B m30JupoBaHHON 0c060i TOUKe zy (0603HA-
qaercst Bora f(zg) nim res f(zp)) Ha3bIBaeTCsa 9UCIO

1 7{ £(2)dz, (23)
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cru anaauTuIHOCTH DyHKIWN f(2).
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Jannoe ompeeaenne KOPPeKTHO, MOCKOJIBKY, B CHJIy MHTerpabHoil Teopembl Komu, Besm-
qiHa uHTerpasa (23) He 3aBUCHT OT BHIODAHHOI'O KOHTYDA.

OueBuHO, 9TO

e BbLIUET B TOUKE 2y paBeH koadduiumenty ¢_; psija Jlopana B OKPECTHOCTH TOH TOUKU:
: 1 :
Bora f(z)) = =— ¢ f(2)dz = c_q;
2mi J,

® B yCTpaHUMOI 0c000#l TOUKE BHIYET PABEH HYJIIO.

B ciayuae momoca MOXKHO yKa3aTb IPOCTbIe (DOPMYIIBI JIJIsl HAXOXKI€HNsI BBIUETA.
1. NlpocToit momoc. 06mas dopmyrna. B ciydae mpocToro nosoca

C_
f(z):z 12’ +Co+01(2—z0)+..., rie c_1 # 0,
- ~0

cJe10BaTeJIbHO

Bora f(z9) = lim f(2)(z — 2p). (24)

Z—20

2. llpocTo#t mosmoc. YacTwuii cnywaidt. Kciau dyHkius npejcraBiena B BUJIE

p(2)
f(z) = ,
U(z)
rie byHKImn ¢(2) u () — aHAIUTHIECKHE B HEKOTOPOI OKPECTHOCTH TOYKH Zg, TPUIEM ¢(2g) #
0, a s dyskmn ¢ (2) TOUKa 2y ABJSETCs HYJIEM MIEPBOrO MOPsijiKa, T.e.

P(2) =Y (20)(2 — 20) + v Q(fo> (z—20)*+..., YP'(29) # 0,
TO BBIYET TAaKyKe MOKHO BBIYHUCJIUTH 10 (POpMYyJIe
Bora f(29) = ;Z,((Z?) (25)

3. Monoc k-ro mopsamka. B aTom ciaydae

C_p C_1

f(z):m+...+z_zo+co+cl(z—zo)+..., rie ¢y # 0,
CJIeJI0BATEIILHO
Burt £(z0) = —— lim L (£()z - 0)") (26)
b4 f(2g) = 2)(z— 29)").
O (k= 1)l 2520 dzF 0
sinmz
ITpumep 12. HaiiTu BbrYeThl BO BeeX KOHEUHDBIX 0COOBIX TOUKax byHkuu f(z) = W
2(z

Koneunbie 0cobble TOUKE JaHHON (DYHKIIUM — 9TO HYJIU 3HAMEHATEJISL:
ir
22 +1)2=0 & 2=0, —1, ¢*3

Touka z = 0 gaBagercya HyﬂeM KaK 3HaMeHaTeJld, TaK U YUC/IUTeJ 1A, HpI/I‘IéM

. ) sin 7z
b fe) =l e =
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caeoBaresbho, 2 = 0 — yerpannMast ocobast Touka u Bora f(0) = 0.

Touka z = —1 TakzKe ABJIAETCA HyJIEM KaK 3HAMEHATEJIsA, TAK U YUCJAUTENA. B 9TOM cirydae
. , sinz . —sinw(z+1)
lim f(z) = lim = —— = lim ~ — =
Z—1 ol (2122 — €5 )2z —e$)2 =l (4 1)2(z — e5)2(z — 3" )2
I i
= lim : —— = o0,
(24 1) (2 - e )2z —e )
cilezl0BaTeNbHO, 2 = —1 — nomoc 1-ro nopaka (tak kak f(z) ~ {55 upn 2 — —1)*. Haitnéwm

BbIYeT:

Bera f(—1) = zlin_llf(z)(z +1) = lim sin 7z _

==l (24 1)(2 — e%)z(z — e_sm)2

—Tr —TT
B 1 i3\ 1, iv3y2 ‘
(15— 52(-1—g+82)2 9
i
TOqKH z = 6:‘:? ABJIAETCA HYJIAMU 3HaMeHaTe/Id BTOPOIr'o IIOPAJdKa W HE ABJIAIOTCA HYJIAMA
HUCJINUTEJ1d: .
SINn 7Tz
f(Z) = —im

2z 1)2(z - 0T )2z e i)

CJIeJIOBATENIBHO, ITO TI0JII0CA BTOPOro mnopsika (dyHkimn f(z).

s d 1
Bora f(es) = lim — ST — =
cseF A2 2(2 4+ 1)2(2 — 75 )2

7 cos(mz) sin(7z) ((2 F1)2(z—e 3 )2 422024+ 1)(z — e 3 )2 + 22(z + 1)2(z — e_T”))

= llm —im - —im
T 2(z+1)2(z—e73 )2 2(z+ 1)z —e3 )*

[Tonb3ysich Tem, 9TO

2 2 2’
i . 1 /3 1TV 3 ™3
sin(res ) =sin (7= + ——) ) = cos =ch—,
2 2 2
BBIYHCJISIEM BBIYET.
—im
Berder B TOoUKe 2 = €73 BBIYUC/IACTCHA AHAJOTUTHO.
251\/[0}KHO paccyxKaaThb TakK: 2 = -1 — HYJIb 3HaMeHaTeJId BTOPOTO IOpdJKa W HYJIb YUC/JIATEId — IIepPBOTO,

CJIeJ0BAaTEC/IbHO, OHa ABJIAETCHA IIOJIIOCOM IIEPBOr'O IIOPAIKA.
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